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ASYMPTOTICS OF THE DETERMINANT OF DISCRETE LAPLACIANS
ON TRIANGULATED AND QUADRANGULATED SURFACES
K. IZYUROV AND M. KHRISTOFOROV
Abstract. Consider a surface Ω with a boundary obtained by gluing together a finite number
of equilateral triangles, or squares, along their boundaries, equipped with a flat unitary vector
bundle. Let Ωδ be the discretization of this surface by a bi-periodic lattice with enough sym-
metries, scaled to have mesh size δ. We show that the logarithm of the product of non-zero
eigenvalues of the discrete Laplacian acting on the sections of the bundle is asymptotic to
A|Ωδ|+B|∂Ωδ|+ C log δ +D + o(1).
Here A and B are lattice-dependent constants; C is an explicit constant depending on the
bundle, the angles at conical singularities and at corners of the boundary, and D is a sum of
lattice-dependent contributions from singularities and a universal term that can be interpreted
as a zeta-regularization of the continuum Laplacian on Ω. We allow for Dirichlet or Neumann
boundary conditions, or mixtures thereof. Our proof is based on an integral formula for the
determinant in terms of theta function, and the functional Central limit theorem.
1. Introduction
Let Ω be a connected surface, possibly with boundary, obtained by gluing finitely many equal
equilateral triangles, or squares, along their boundaries. Thus, Ω may have conical singularities
and piece-wise straight boundary with corners; the cone and wedge angles either all belong to
pi
3
k, or to pi
2
k, k ∈ N; we refer to the former situation as triangulation and the the latter one
as quadrangulation. The boundary of Ω with be decomposed into two parts, ∂DΩ and ∂NΩ,
that will carry Dirichlet and Neumann boundary conditions respectively; we assume that there
are finitely many points separating the two. We assume that Ω is equipped with a unitary
finite rank vector bundle with a flat connection ϕ. We furthermore allow Ω to have finitely
many punctures, distinct from the set of conical singularities, and allow ϕ to have monodromy
around those punctures. The reader interested in the simplest situation may think of the case
of a trivial line bundle.
Given a bi-periodic lattice in the plane with symmetric weights and enough symmetries (such
as the square lattice in the case of quadrangulations and the triangular lattice in the case of
triangulations), we can discretize Ω by this lattice scaled to have small mesh δ; we denote
the discretized surface by Ωδ. The connection ϕ restricts to a discrete connection, and we
can consider the corresponding discrete Laplacian ∆Ω
δ,ϕ, with Dirichlet/Neumann boundary
conditions approximating those in Ω. The subject of the present paper is the asymptotics of
det?∆Ω
δ,ϕ, where det? stands for the product of all non-zero eigenvalues. Our main result (see
Section 2 for the details of the setup) is as follows:
Theorem 1.1. As δ → 0, one has the following asymptotics:
(1.1) log det?∆Ω
δ,ϕ = A · |Ωδ|+BD · |∂DΩδ|+BN · |∂NΩδ|+ C · log δ +D + o(1),
where:
• A,BD, BN are lattice-dependent constants, |Ωδ| denotes the number of vertices in Ωδ,
and |∂DΩδ|, |∂NΩδ| denote the size of the Dirichlet and Neumann parts of the boundary
(measured in the units of mesh size);
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• C is a lattice-independent constant given by
C = −2 dim ker ∆Ω,ϕ − d ·
∑
p∈C∪Υ∪P
Cp
where d is the rank of ϕ, the sum is over the set of conical singularities, corners, and
punctures of Ω, and the values Cp for a cone Cα of angle α, corners ΥαD,ΥαN ,ΥND of
angle α with Dirichlet, Neumann, changing Neumann-to-Dirichlet boundary conditions,
and a puncture PM with monodromy operator M are given by
CCα =
α
12pi
− pi
3α
; CΥαD = CΥαN =
α
12pi
− pi
12α
;
CΥαND =
α
12pi
+
pi
24α
; CPM = pi
−2
∞∑
k=1
(1− d−1<eTrMk)k−2
• the constant D has the form
D =
∑
p∈C∪Υ∪P
Dp + log det
?
ζ∆
Ω,ϕ,
where Dp are lattice-dependent constants (entirely determined by the lattice and angle,
boundary conditions, or monodromy at p), and the last terms stands for zeta-regularized
determinant of the Friedrichs extension of the ϕ-twisted Laplacian on Ω.
There is a lot of previous work on the subject. Discretizations of Laplacian were studied
by Dodzuik [8] on a class of discretizations of arbitrary Riemann surfaces; he established con-
vergence of the eigenvalues and the spectral zeta function, although, as we explain below, this
setup is probably too general to support the asymptotic result for the determinant as in The-
orem 1.1. Cardy and Peschel [4] conjectured that the asymptotic of partition function of any
critical 2D model of a Riemann surface should take a form similar to (1.1). Since the deter-
minants of the discrete Laplacian and its vector bundle versions are partition functions of a
number of lattice models, such as dimers and double dimers, discrete GFF, spanning trees and
cycle-rooted spanning forests [21, 24, 23, 9, 2, 19, 20], our results can be viewed as a rigorous
version of Cardy–Peschel conjecture. Duplantier and David [11] computed the asymptotics of
the determinant of the discrete square lattice Laplacian on a torus, their results were extended
to cylinder, Mo¨bius strip and Klein bottle by Brankov–Priezzhev and Izmailyan–Oganesyan–
Hu [3, 18]. Kenyon [21] treated the case of the square lattice and planar rectilinear domains.
Recently, Finski [14, 15] obtained, by a different method, a slightly weaker version of Theo-
rem 1.1 in the case of the square lattice quadrangulations of Riemann surfaces with Neumann
boundary conditions and cone angles restricted to integer multiples of pi. For other related
recent work, see [17, 26, 27, 29, 10]
Theorem 1.1 above is both sharper and more general than the previous results, and we
propose a new, relatively short and elementary proof. The idea is similar to that used by
Chinta–Jorgenson–Karlsson [5, 6] and Friedli [16] who studied the square lattice Laplacians
on a torus: we use an integral representation for log det?∆Ω
δ,ϕ in terms of theta function
and then break the integral into parts that we analyze separately. Essentially, we only use
three ingredients: the functional Central limit theorem, parabolic regularity, and the fact that
microscopically, our lattice approximation “looks the same at all places”. The only reason we
do not consider more general surfaces (e. g., allowing for conical singularities with arbitrary
angles, or for genuinely curved surfaces) is that those do not admit nice discretizations with this
last property. To see the difficulty it entails, note that the constant A, being essentially the free
energy per lattice site in the infinite volume limit, is lattice-dependent; if the lattice is different
in different places of Ωδ, then A will also fluctuate, and the volume term in the asymptotics
may be hard to control with meaningful precision. On the positive side, our method allows us
to isolate this problematic volume term, see (3.1) below; the rest of our analysis, at least in
the absence of the boundary, does not use regularity of the lattice in any essential way. This
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leaves hope that the method can be applied to more general surfaces and approximations in
sufficiently integrable case, e. g. on isoradial graphs.
Note that if we only want to study the the difference log det?∆Ω
δ,ϕ1−log det?∆Ωδ,ϕ2 , the afore-
mentioned volume term cancels out, as do most of other terms in the asymptotics, and and our
method yields a simple proof the asymptotics 2(dim kerϕ1− dim kerϕ2) log δ+ log det?ζ∆Ω,ϕ1 −
log det?ζ∆
Ω,ϕ2 , using only the functional CLT and parabolic regularity. Dube´dat and Gheissari
[10] proved a similar result in a different way under even weaker assumptions.
Our method gives values of the constants A,BD = −BN and Dp in the form of sums or
integrals of discrete (continuous time) heat kernels on the discretizations of the plane, half-
plane, or cones. The closed form value of A is known (by a different method) for isoradial
graphs with critical weights, see [22]. The inspection of our proof shows that one can leverage
power-law rate of convergence in the Central limit theorem to improve the o(1) in (1.1) to O(δρ)
with ρ > 0. The same error bound allowed us to sharpen the asymptotics of the contribution
of cones and corners to (1.1), from Cp log δ + o(log δ) in [21, 15] to Cp log δ +Dp + o(1).
The assumption that the weights are symmetric is only used in the proofs of technical Lemmas
4.1–4.6, where we found it convenient to use parabolic Harnack inequality of Delmotte [7]. With
some work, these lemmas, modified accordingly, can be given alternative proofs, allowing one
to lift the symmetry assumption. The same applies to the unitarity of ϕ, which can probably
be relaxed under the assumption that the real parts of the eigenvalues of the Laplacian remain
positive.
We are grateful to Eveliina Peltola and Nikolai Reshetikhin for interesting discussions. The
work is supported by Academy of Finland in the framework of Center of Excellence in Analysis
and Dynamics research and the ERC advanced grant 741487.
2. Laplacians, heat kernels and zeta functions
Although we are mainly interested it the discretizations of the Riemann surfaces, we start
from a more general setup. Let G = (V , E) be a connected finite non-oriented graph with
weights we > 0 assigned to its edges. A vector bundle of rank d over G is a collection of d-
dimensional complex vector spaces Vx attached to its vertices x ∈ V . A connection on a vector
bundle is a collections of linear isomorphisms ϕxy = ϕ
−1
yx : Vx → Vy for each pair x ∼ y of
adjacent vertices. From now on, we will only consider unitary connections, that is, each Vx is
equipped with an inner product and the maps ϕxy are unitary. A section f of a vector bundle
is a choice of an element f(x) ∈ Vx for each x ∈ V . The linear space of sections of ϕ will be
denoted by Xϕ. When the vector bundle is unitary, the space Xϕ comes with the inner product
〈f ; g〉 = ∑x∈V〈f(x); g(x)〉.
The Laplace operator ∆G,ϕ : Xϕ → Xϕ associated with a connection ϕ on a weighted graph
G is defined by the formula(
∆G,ϕf
)
(x) :=
∑
(yx)∈E
wxy (f(x)− ϕyxf(y)) .
Note that with respect to the inner product as above, we have
〈∆G,ϕf ; g〉 = 1
2
∑
(xy)∈E
wxy〈ϕyxf(y)− f(x);ϕyxg(y)− g(x)〉
which shows that ∆G,ϕ is non-negative and self-adjoint and therefore diagonalizable with real
non-negative eigenvalues.
We define the heat kernel associated to ∆G,ϕ by
PG,ϕt := exp(−t∆G,ϕ) : Xϕ → Xϕ.
By linearity, we can write (PG,ϕt f)(y) =
∑
x∈V P
G,ϕ(x, y, t)f(x), where PG,ϕ(x, y, t) : Vx → Vy
is a linear operator.
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The trace of PG,ϕt is called the theta function. By computing the trace first as the sum of
eigenvalues, and then as the sum of the diagonal elements, we get the theta inversion identity
(2.1) ΘG,ϕ(t) := TrPG,ϕt =
∑
λ∈σ(∆G,ϕ)
e−λt =
∑
x∈V
TrPG,ϕ(x, x, t).
The zeta function associated to ∆G,ϕ is defined for s ∈ C by the formula
ζG,ϕ(s) :=
∑
06=λ∈σ(∆G,ϕ)
λ−s.
Let k = dim ker ∆G,ϕ. By subtracting k from both sides of the theta inversion formula, multi-
plying by ts−1 and integrating, one gets
(2.2) ζG,ϕ(s) =
1
Γ(s)
∫ ∞
0
(ΘG,ϕ(t)− k)ts−1 dt, if <e (s) > 0;
note that the integral converges at infinity because of the positivity of the eigenvalues. Our
main motivation for studying the zeta function is the identity
(2.3) − (ζG,ϕ)′ (0) = ∑
06=λ∈σ(∆G,ϕ)
log λ = log det?
(
∆G,ϕ
)
.
We will need a probabilistic interpretation of the heat kernel. Let γt denote the continuous
time random walk on the weighted graph (G;w), that, being at x ∈ V , moves following expo-
nential clock to an adjacent vertex y with intensity wxy. We denote ϕγ[0;t] := ϕxn−1xn ◦· · ·◦ϕx0x1 ,
where γ0 = x0 ∼ x1 ∼ · · · ∼ xn = γt are the vertices visited consecutively by γ up to time t.
We denote by Px and Ex the probability and the expectation with respect to this random walk
started at x. We have the following lemma:
Lemma 2.1. We have
(2.4) PG,ϕ(x, y, t) = Ex(ϕγ[0,t]Iγt=y).
Proof. Denote the right-hand side by PˆG,ϕ(x, y, t). We observe that
∂tPˆ
G,ϕ(x, y, t) + ∆G,ϕx Pˆ
G,ϕ(x, y, t) = 0,
and the same system of ODEs with the same initial conditions holds for PG,ϕ(x, y, t). 
We use (2.4) to extend the definition of the heat kernel to infinite graphs.
In what follows, the graph G will be a discretization of a triangulated or a quadrangulated
surface Ω, as in the introduction. To discretize Ω, choose an infinite locally finite weighted
connected graph Cδ0 with vertices embedded in the plane; we assume that the embedded
weighted graph is bi-periodic with periods either 1 and 1
2
+
√
3
2
i ( for triangulation case), or
1 and i (for quadrangulation case) and has δ−20 vertices per unit area. We moreover assume
that Cδ0 is preserved under rotations by pi/3, respectively, pi/2, around the origin, and under
reflections with respect to the real line. We denote Cδ = 1
N
Cδ0 , where δ = δ0/N , N ∈ N, so that
Cδ has δ−2 vertices per unit area. Let T denote the he unit triangle {0; 1; 1
2
+
√
3
2
i} (respectively,
the unit square {0, 1, 1 + i, i}). We denote by Ωδ the discrete surface that can be obtained by
discretizing each triangle/square in Ω with Cδ restricted to T ; since Cδ has all the symmetries
of Cδ0 , these discretizations can be naturally glued together. We will interchangeably use δ
and N = δ0δ
−1 as mesh parameters of the discretization. We do not require Cδ0 to be properly
embedded, i. e., edges are allowed to intersect; however, we do assume that the graph obtained
by removing edges connecting a vertex strictly inside T with one strictly outside T is still
connected, so that Ωδ is connected.
As an example, both Z+ iZ and 1
2
+ i
2
+Z+ iZ can serve as Cδ0 (with δ0 = 1 in this case) in
the quadrangulated case, leading to two different families of discretizations (one of them will
4
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have vertices at cone tips). The triangular and the hexagonal lattices can serve as Cδ0 in the
triangulation case, with δ0 =
4√3√
2
and δ0 =
4√3
2
respectively.
It is easy to show (see Lemma 8.1 below) that the continuous time random walk on Cδ
satisfies the Central limit theorem, i. e., converges to a Brownian motion, whose covariance
matrix must be scalar, because of the symmetries. We will assume that the weights wxy are
chosen so that this matrix is the identity, i. e.,
∑
y∈B P
Cδ(x, y, δ−2t) → ∫
B
1
2pit
exp(− |x−y|2
2t
)dy
for any disc B. This can always be achieved by simultaneously multiplying the all the weights
by a common factor, which only affects the constant A.
Let us comment on the boundary conditions. We will assume that if a point p ∈ ∂Ω of
Dirichlet-to-Neumann change is at a corner, then, at Ωδ, the boundary conditions also change
at the corresponding corner, and if p is an inner point of a side of one of the triangles/squares,
then it is approximated by sequence of points pδ → p at distance mδ/N , mδ ∈ N, from the
corner of that triangle (or square). To define an action of ∆Ω
δ,ϕ on a section f of ϕ with
Dirichlet (respectively, Neumann) boundary condition at a boundary segment l, we extend f
across l by f(z?) = ∓f(z), where z 7→ z? is the reflection with respect to l; if there are vertices
on the Dirichlet boundary, we only consider sections f that are zero at those vertices. This
procedure may lead to non-symmetric weights that are gauge equivalent to symmetric ones;
the above formulae are not affected. We adopt the convention that when writing the sum over
x ∈ Ωδ (as e. g. in (2.1)) we do not include vertices lying on the Dirichlet part of the boundary.
An approximation pδ to a puncture p will be realized as a point of Ω disjoint from any edge
of Ωδ; we moreover insist that it is an image under scaling of a fixed point in a fundamental
domain of Cδ0 .
The discrete vector bundle and the connection ϕ in Ωδ are just restrictions of their continuous
counterpart to the graph. Fix a finite cover {Uj} of Ω by simply connected subsets, pick xj ∈ Uj,
and note that if f ∈ ker ∆Ω,ϕ, then, for any v ∈ Vxj , x 7→ 〈f(x);ϕxj→x(v)〉 is a harmonic
function in Uj. Hence, sup|v|=1,x〈f(x); v〉 cannot be attained neither in the interior point of Ω
nor on the Neumann boundary, unless ϕx→xj(f(x)) is a constant in each Uj. It follows that
k = dim ker ∆Ω,ϕ = 0 if ∂DΩ 6= ∅; otherwise, k is the dimension of the space of the covariant
constants. The same argument works in the discrete, moreover, for δ small enough (and a fixed
cover), discrete and continuous covariant constants can be put in correspondence with each
other. We conclude that k = dim ker ∆Ω,ϕ = dim ker ∆Ω
δ,ϕ for δ small enough.
We will need a continuous version of the above theory, in which the random walk γδ on Ωδ
is replaced by the Brownian motion γt on Ω. We refer the reader to [28] for background on
functional analysis for Markov semi-groups. Consider the Markov semi-group PΩ,ϕt acting on
L2 sections of ϕ by
(PΩ,ϕt f)(x) = Ex[ϕ−1γ[0,t](f(γt))] =:
∫
y∈Ω
PΩ,ϕ(y, x, t)f(y)dy;
where the right hand side exists by Rietz representation theorem and can be, for a moment,
viewed as a definition of PΩ,ϕ; for ϕ a trivial line bundle, this is just the heat kernel on Ω,
that is, the transition density of the Brownian motion reflected at ∂NΩ and absorbed at ∂DΩ.
Let Ωˆ be two copies of Ω glued along the boundary; let ϕˆ be an extension of ϕ to Ωˆ by
reflection, and let A denote the space of smooth sections f of ϕˆ with compact support not
containing conical singularities of Ωˆ and not intersecting ∂DΩ, and such that f(x) = f(x¯), with
x 7→ x¯ the involution on Ωˆ. Consider the Dirichlet form E(f, f) := limt↘0〈t−1(I − Pt)f ; f〉.
Using a bound similar to Lemma 4.2 for the Brownian motion, we see that for f ∈ A, we
have E(f, f) = 〈∆Ω,ϕf, f〉 = 1
2
〈∇ϕf,∇ϕf〉, where the Laplacian is defined by (∆Ω,ϕf)(x) =
−1
2
(∂2η + ∂
2
ν)ϕxην→x(f(xην))|xην=x for an isometric parametrization (η, ν) 7→ xην of a simply
connected neighborhood of x. The closure of A with respect to E defines a self-adjoint extension
of the Laplacian, called the Friedrichs extension, which we also denote by ∆Ω,ϕ. The usual
argument implies that the spectrum of of ∆Ω,ϕ is discrete (and non-negative). Denote the
5
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eigenvalues by λ1 ≤ λ2 ≤ . . . counting multiplicities, and the normalized eigenfunctions by
{ψi}i∈N; we then have Ptψi = e−λitψi. By Weyl’s law, we have λi & i, so that we can define the
theta function as ΘΩ,ϕ(t) =
∑∞
i=1 e
−λit. We have, for any f ∈ L2(Ω),∫
Ω
PΩ,ϕ(y, x, t)f(y)dy = (Ptf)(x) =
∞∑
i=1
(Ptψi)(x)〈ψi; f〉 =
∑
i
e−λitψi(x)〈ψi; f〉,
thus, for any vector v ∈ Vy, PΩ,ϕ(y, x, t)v =
∑
i e
−λitψi(x)〈ψi(y), v〉, so that TrPΩ,ϕ(x, x, t) =∑
i e
−λit〈ψi(x);ψi(x)〉 and, integrating, we arrive at the continuous theta inversion identity,∫
x∈Ω
TrPΩ,ϕ(x, x, t) dx = ΘΩ,ϕ(t).
We define the spectral zeta function as ζΩ,ϕ(s) =
∑
i λ
−s
i , which due to Weyl’s law converges
whenever <e s > 1. Similarly to the discrete case, we have
(2.5) ζΩ,ϕ(s) =
1
Γ(s)
·
∫ ∞
0
(ΘΩ,ϕ(t)− k)ts−1 dt, <e s > 1.
3. The key formula for the determinant of the discrete Laplacian
For notational simplicity, we first assume there are no punctures, and also that the lattice
is such that there are no vertices at conical singularities. We will then discuss the necessary
modifications in the general case.
Given x ∈ Ω, we define Ωx to be one of the model surfaces, namely, a plane, a half-plane,
an infinite cone, or an infinite wedge, that agrees with Ω locally near x. More precisely, fix a
small r > 0 in such a way that the 2r–neighborhoods of the tips of the conical singularities and
the boundary components do not overlap or self-overlap. We define rα := r/ sin(α/2) if α < pi
and rα = r otherwise. We then define Ωx to be the wedge of angle α if x is at distance at most
rα from the tip of a corner (see Figure 1) with angle α, else, if x at distance ≤ r from ∂Ω (or
a conical singularity), we define Ωx to be the half-plane (respectively, the cone); else, Ωx is a
plane.
In a similar way (with the same r independent of δ), we define the domains Ωδx. These
domains, when they have a boundary, come equipped with boundary conditions inherited from
Ωδ. We define the heat kernel P in each of the discrete model domains Ωδx by (2.4), with ϕ the
trivial connection on the rank one bundle, and the random walk being stopped at the Dirichlet
boundary and reflected at the Neumann one.
We start from (2.2) and rewrite it as
ζΩ
δ,ϕ(s) =
1
Γ(s)
∫ ∞
δ−2
(
ΘΩ
δ,ϕ(t)− k
)
ts−1 dt
+
1
Γ(s)
∑
x∈Ωδ
∫ δ−2
0
(
TrPΩ
δ,ϕ(x, x, t)− d · PΩδx(x, x, t)
)
ts−1 dt
+
d
Γ(s)
∑
x∈Ωδ
∫ ∞
0
(
PΩ
δ
x(x, x, t)− PCδ(x, x, t)
)
ts−1 dt− d
Γ(s)
∑
x∈Ωδ
∫ ∞
δ−2
PΩ
δ
x(x, x, t)ts−1dt
+
d
Γ(s)
∑
x∈Ωδ
∫ ∞
0
(
PC
δ
(x, x, t)− e−wxt
)
ts−1 dt
+
d
Γ(s)
∑
x∈Ωδ
∫ ∞
0
e−wxtts−1 dt− 1
Γ(s)
∫ δ−2
0
kts−1 dt,
where wx :=
∑
y∼xwxy. This identity is valid for 0 < <e s < 1, since each integral defines an
analytic function in that region (see Lemma 5.2 below for large t bounds). Moreover, all the
integrals but the last two are in fact analytic at least in −1 < <e s < 1; indeed it follows from
6
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(2.4) that PC
δ
(x, x, t) = e−wxt · Id + O(t2), the O(t2) being the probability that the random
walk takes at least two steps up to time t. The last two terms are equal to
d
∑
x∈Ωd
w−sx −
kδ−2s
sΓ(s)
,
and since 1/Γ(s) = s(1 + o(1)) as s→ 0, the derivative of the above expression at zero yields
− log det?∆Ωδ,ϕ =
∫ ∞
δ−2
(
ΘΩ
δ,ϕ(t)− k
) dt
t
+
∑
x
∫ δ−2
0
(
TrPΩ
δ,ϕ(x, x, t)− d · PΩδx(x, x, t)
) dt
t
− d ·
∑
x
∫ ∞
δ−2
PΩ
δ
x(x, x, t)
dt
t
+ d ·
∑
x
∫ ∞
0
(
PΩ
δ
x(x, x, t)− PCδ(x, x, t)
) dt
t
+ d
∑
x
(∫ ∞
0
(
PC
δ
(x, x, t)− e−wxt
) dt
t
− logwx
)
+ 2k log δ − kγEuler.
This is our key formula; analyzing it term by term will lead to (1.1). For the first three terms,
going back to the probabilistic interpretation of the heat kernel, we observe that only the walks
with & δ−1 steps contribute, hence, these terms converge to their continuous counterparts by
Central limit theorem, see Section 4 and Corollary 5.4 for details. As for the fourth term, we
note that the summands are zero unless x is r–close to a conical singularity or to the boundary.
Thus, the whole sum only depends on number of conical singularities and their angles, and on
the geometry of the boundary. We treat it in Section 5.
Let T be the unit square {0 ≤ <e z,=m z ≤ 1} (in the quadrangulation case), or the equi-
lateral triangle with vertices 0, 1, 1
2
+
√
3
2
i (in the triangulation case). Assume first that there
are no vertices of Cδ0 on ∂T . Then, subdividing the vertices of Ωδ into scaled copies of T , the
fifth term above gives the leading term of the asymptotics (1.1):
(3.1) d
∑
x
(∫ ∞
0
(
PC
δ
(x, x, t)− e−wxt
) dt
t
− logwx
)
= d|Ωδ| 1|T |
∑
x∈T
(∫ ∞
0
(
PC
δ0 (x, x, t)− e−wxt
) dt
t
− logwx
)
=: −A · |Ωδ|
If there are vertices on ∂T but not in its corners, then the contribution of those should be
included in the above average with weight 1
2
; this will lead to a miscount for the contribution
vertices on ∂Ω which can be absorbed into the constants BN , BD. Similarly, if there are vertices
at the corners of T , they should be counted with weight 1
6
or 1
4
, which leads to a miscount for
boundary corners and cones which can be absorbed into Dp.
In the case there are punctures, in an r-neighborhood of a puncture p, we define Ωx to be
the punctured plane Cδ \ {p}, equipped with the connection ϕp obtained by first restricting
ϕ to the neighborhood of p and then extending it to a flat connection on the whole Cδ \ {p}.
We then simply use PC
δ\{p},ϕp instead of d · PΩδx in the above formulae. If there are vertices at
corners of T (and thus at conical singularities), then the asymptotics of the heat kernel at a
conical singularity p of angle α reads PΩ
δ
p(p, p, t) = α
2pi
e−wpˆt · Id + O(t2), where pˆ is a corner of
T ; hence we should replace PC
δ
(p, p, t) in the above formulae by α
2pi
· PCδ(pˆ, pˆ, t). This results
in additional constant contributions to the asymptotics that can be absorbed into Dp.
4. Contributions from the CLT part.
The goal for this section is to prove convergence of the first two terms in the key formula.
We start with five fairly standard Lemmas, whose proof is deferred to Section 8. We denote
Ω† := ∂Ω ∪ C ∪ P
7
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Lemma 4.1. (Functional CLT) For any T > 0, any x ∈ Ω\Ω†, any sequence xδ → x, and any
bounded, continuous function f on the space of paths γ : [0, T ] → Ω (equipped with sup-norm
convergence), one has
Exδf(γδ[0,δ−2T ])
δ→0−→ Exf(γ[0,T ]).
Lemma 4.2. (Short time large diameter bound) For every ε > 0, there are constants C, c > 0
such that, for all x ∈ Ωδ, all t > 0 and all δ < c,
Px(diam (γδ[0,δ−2t]) ≥ ε) ≤ C · t3.
Lemma 4.3. (Uniform bound of the heat kernel) For each ε > 0, there are constants C, c > 0
such that, for all δ < c,
(4.1) PΩ
δ
(x, y, δ−2t) ≤ Cδ2
whenever either dist(x, y) > ε, or t > ε.
Lemma 4.4. (Holder regularity of heat kernels) There exists a number θ > 0 such that, for any
η > 0, there exists a constant Cη with the following property: if dist(x, y) <
1
2
dist(x,Ω†) < 1
2
η
and t > η2, then ∣∣∣PΩδ,ϕ(x, x, δ−2t)− PΩδ,ϕ(x, y, δ−2t)∣∣∣ ≤ Cη · |x− y|θ · δ2,
where the the left-hand side is defined by picking a trivialization of ϕ in the disc B(x, η
2
).
Lemma 4.5. (Spectral gap) There are constants C, c > 0 independent of δ, such that for all δ
small enough, one has
(4.2)
∣∣∣ΘΩδ(δ−2t)− k∣∣∣ < Ce−ct, t ≥ 1.
We are in the position to prove convergence of the first two terms in the key formula:
Lemma 4.6. We have the following convergence results:
(4.3)
∫ ∞
1
(
ΘΩ
δ,ϕ(δ−2t)− k
) dt
t
as δ→0−→
∫ ∞
1
(
ΘΩ,ϕ(t)− k) dt
t
and
(4.4)
∫ 1
0
∑
x∈Ωδ
(
TrPΩ
δ,ϕ(x, x, δ−2t)− d · PΩδx(x, x, δ−2t)
) dt
t
as δ→0−→
∫ 1
0
∫
Ω
(
TrPΩ,ϕ(x, x, t)− d · PΩx(x, x, t)) dxdt
t
.
Proof. In view of Lemma 4.5, for (4.3), it suffices to prove the convergence∫ T
1
ΘΩ
δ,ϕ(δ−2t)
dt
t
as δ→0−→
∫ T
1
ΘΩ,ϕ(t)
dt
t
dx.
for any fixed T > 0. Let 0 < η < η0, and let {ψj} be a partition of unity for Ω such that
diam(supp ψj) < η for all j. We write∫ T
1
ΘΩ
δ
(δ−2t)
dt
t
=
∑
j
∫ T
1
∑
x∈Ωδ
ψj(x)TrP
Ωδ,ϕ(x, x, δ−2t)
and split the sum according to whether j ∈ J := {j : dist(supp ψj,Ω†} > η0. By Lemma 4.3,∑
j /∈J
∫ T
1
∑
x∈Ωδ
ψj(x)TrP
Ωδ,ϕ(x, x, δ−2t) ≤
∑
dist(x,Ω†)≤2η0
∑
j
ψj(x)Cδ
2 ≤ CA(η0),
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where A(η0) η0→0−→ 0 is the area of {x ∈ Ω : dist(x,Ω†) ≤ 2η0}. For j ∈ J , by Lemma 4.4,∣∣∣∣∣∣
∫ T
1
∑
x∈Ωδ
ψj(x)TrP
Ωδ,ϕ(x, x, δ−2t)
dt
t
−
∫ T
1
1
Sj
∑
x,y∈Ωδ
ψj(x)ψj(y)TrP
Ωδ,ϕ(x, y, δ−2t)
dt
t
∣∣∣∣∣∣ ≤ Cη0Sjηθδ2,
where Sj =
∑
x∈Ωδ ψj(x). Summing these bounds over j ∈ J yields the upper bound Cη0|Ωδ|δ2ηθ,
which goes to zero uniformly in δ as η → 0. Finally,
(4.5)
∫ T
1
1
Sj
∑
x,y∈Ωδ
ψj(x)ψj(y)TrP
Ωδ,ϕ(x, y, δ−2t)
dt
t
= EX
[∫ T
1
Trϕ(γδ[0,δ−2t])ψj(γ
δ
t )
dt
t
]
,
with the initial point X chosen at random with P(X = x) = ψj(x)/Sj, and we pick a trivial-
ization of ϕ over suppψj. The expression inside the expectation is continuous with respect to
the path γδ, therefore, by Lemma 4.1, (4.5) converges to its continuous counterpart
EX
[∫ T
1
Trϕ(γ[0,t])ψj(γt)dt
]
=
∫ T
1
(∫
Ω
ψj
)−1 ∫
x,y∈Ω
ψj(x)ψj(y)TrP
Ω,ϕ(x, y, t)dxdy. =: Ij
In view of the bounds we have collected, we have that∫ T
1
ΘΩ
δ,ϕ(δ−2t)
dt
t
as δ→0−→ lim
η0→0
lim
η→0
∑
j∈J
Ij.
Since the continuous heat kernels satisfy the suitable counterparts of Lemmas 4.3–4.4 (for
instance, as a consequence of the discrete bounds and the convergence), an argument as above
gives that the latter quantity is equal to
∫ T
1
ΘΩ,ϕ(t)dt
t
, as required.
For (4.4), the same argument as above, applied to Ωδ and each of Ωδx, gives the convergence
of the integral from t0 to 1, for any fixed t0 > 0. Hence, it suffices to show that the integral
from 0 to t0 converges to 0 as t0 → 0 uniformly in δ. We can write
TrPΩ
δ,ϕ(x, x, δ−2t)− d · PΩδx(x, x, δ−2t) = Ex [Trϕ(γ[0,δ−2t])Iγδ−2t=x − d · Iγˆδ−2t=x] ,
where γ and γˆ are random walks on Ωδ and Ωδx, respectively, coupled in such a way that they
coincide up until τr := min{s : dist(γδ−2s, x) ≥ r}. On the event τr ≥ t, the expression in the
expectation is zero. Hence, we can write∣∣∣TrPΩδ,ϕ(x, x, δ−2t)− d · PΩδx(x, x, δ−2t)∣∣∣
≤ d · P(τr < t)
(
sup
s<t,|y−x|≥r
PΩ
δ
(y, x, δ−2s) + sup
s<t,|y−x|≥r
PΩ
δ
x(y, x, δ−2s)
)
≤ Cd · P(τr < t)δ2 ≤ C ′t3δ2.
where we have used Lemma 4.3 and then Lemma 4.2. Summing over x gives a bound on the
integrand in the left-hand side of (4.4) that is independent of δ and integrable at 0. This
concludes the proof. 
5. Local contributions
In this section, we compute the contribution of the local term
(5.1)
∑
x∈Ωδ
∫ ∞
0
(
PΩ
δ
x (x, x, t)− PCδ (x, x, t)
) dt
t
=:
∑
x∈Ωδ
I
Ωδx
Cδ (x)
to the asymptotics of the determinant. Each of the model surfaces Λ = H,Υα, Cα has scaling
acting on it, and IΛ
δ
Cδ (x) = I
Λδ0
Cδ0 (N · x). Thus, decreasing δ by going from N to N + 1 is
tantamount to adding new terms to the sum, corresponding to those x whose distance to a
conical singularity, the boundary, or a puncture is between r N
N+1
and r. The asymptotics of
9
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those new terms is governed by Central limit theorem. We postpone the proof of the following
Lemmas to Section 8:
Lemma 5.1. (Local CLT with error bound) If Λ is one of the model surfaces, Λδ its discretiza-
tion, and ε > 0, then there exist q > 0 and C > 0 such that∣∣∣δ−2 · PΛδ(x, y, δ−2t)− PΛ(x, y, t)∣∣∣ ≤ Cδq ·max{t−1, 1},
for all δ, all t ∈ (δq, δ−q) and x, y at distance at least ε from the tip (if Λ is a wedge or a cone).
Lemma 5.2. (Uniform tail bound for the heat kernel) If Λδ is one of the model surfaces, then
there exists C > 0 such that, for any δ, t > 0 and x, y ∈ Λδ,
PΛ
δ
(x, y, δ−2t) ≤ Cδ2t−1.
Let Λ1 3 x0 be a continuous model surface equipped with boundary conditions. Let Λ2 be
another model surface that contains an isometric copy B′(x0, η) of the ball B(x0, η) ⊂ Λ1 not
containing tips of a wedge or a cone, with corresponding parts of the boundary having the same
boundary conditions, and let Λδ1,2 be their discretizations that respect the isometry. We will
denote, for x ∈ B(x0, η),
IΛ2Λ1 (x) :=
∫ ∞
0
(
PΛ2 (x, x, t)− PΛ1 (x, x, t)) dt
t
,
where we identify the points in B(x0, η) with their isomorphic copies. We use a similar notation
for discretizations Λδ1,2 of Λ1,2 We have the following Lemma:
Corollary 5.3. In the above setup, there exist ρ > 0 and C > 0 such that∣∣∣δ−2IΛδ2
Λδ1
(x)− IΛ2Λ1 (x)
∣∣∣ ≤ Cδρ;
for all δ and all x ∈ B(x0, η2).
Proof. Let q be as in Lemma 5.1. At small times, we bound the difference of heat kernels by
Lemma 4.2 as in the proof of Lemma 4.6; this yields∣∣∣∣∣
∫ δq/2
0
(
PΛ
δ
2
(
x, x, δ−2t
)− PΛδ1 (x, x, δ−2t)) dt
t
∣∣∣∣∣ ≤ Cδ2 · δ3q/2.
At large times, we use Lemma 5.2 to get∣∣∣∣∫ ∞
δ−q
(
PΛ
δ
2
(
x, x, δ−2t
)− PΛδ1 (x, x, δ−2t)) dt
t
∣∣∣∣ ≤ 2Cδ2 ∫ ∞
δ−q
t−2dt ≤ 2Cδ2+q.
Clearly, similar estimates hold for continuous heat kernels. At intermediate times, we apply
Lemma 5.1 to each of Λ1,2 separately to get∫ δ−q
δq/2
∣∣∣δ−2PΛδ1,2 (x, x, δ−2t)− PΛ1,2 (x, x, δ−2t)∣∣∣ dt
t
≤ Cδq
∫ δ−q
δq/2
dt
t
max{t−1, 1} ≤ 2Cqδq(log δ−1 + δ− q2 ) ≤ Cˆδ q2 .
Combining all the estimates above yields the result. 
Corollary 5.4. We have∑
x∈Ωδ
∫ ∞
δ−2
PΩ
δ
x(x, x, t)
dt
t
δ→0−→
∫
Ω
∫ ∞
1
PΩx(x, x, t)
dt
t
.
Proof. As in the proof of Lemma 4.6, we change the variable t → δ−2t and use Lemma 4.3 to
step η0-away from the boundary and singularities. After that, apply Lemma 5.1 on the integral
from 1 to δ−q and Lemma 5.2 to the integral from δ−q to infinity, in the similar way as for
Corollary 5.3 above. 
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Figure 1. A decomposition of a neighborhood of a boundary segment. The
rectangle Rδr includes two sectors Y
δ
0,1 and a triangle Γ
δ
0; in this case, Γ
δ
1 = ∅
since the corresponding angle is greater than pi. The shaded sectors of radii
rα = r/ sin
α
2
for α = 2pi/3 and rα = r for α = 4pi/3 > pi are the regions for which
Ωδx is a wedge; in the white part of R
δ
r, Ω
δ
x = Hδ.
5.1. Conical singularities. Let us compute the contribution of an r-neighborhood of the tip
of a conical singularity with angle α to (5.1). Changing the scale to δ0, we see that∑
x∈Cα,δ:|x|≤r
IC
α,δ
Cδ (x) =
∑
x∈Cα,δ0 :|x|≤rN
IC
α,δ0
Cδ0 (x),
where | · | denotes the distance to the tip; that is, decreasing δ for a fixed r simply results
in adding new terms to the sum. Using Corollary 5.3 and the fact that IC
α
C (x) is rotationally
invariant and satisfies Brownian scaling IC
α
C (ax) = a
2IC
α
C (x), we find that the latter expression
is asymptotic to
(5.2)
∑
x∈Cα,δ0 :|x|≤rN
δ2 · ICαC
( x
N
)
+O(δ2+ρ)
= IC
α
C (1) ·
∑
x∈Cα,δ0 :|x|≤rN
δ20
(|x|−2 +O(|x|−2−ρ)) = −α · ICαC (1) · log δ + Dˆα + o(1),
where 1 is any point at distance 1 from the tip, and Dˆα is a (lattice-dependent) constant.
5.2. Boundary segments. Let l ⊂ ∂Ω be a side of a triangle or a square comprising Ω, we
introduce a local coordinate in which l is identified with (0; 1) ⊂ ∂H. Let lδ be the corresponding
segment of ∂Ωδ. Let α0,1 be the angles of the wedges at its endpoints 0 and 1, and denote
αˆ0,1 := min{α0,1/2; pi/2}. We consider the contribution to (5.1) of the points that are at distance
at most r from lδ, but at the distance greater than rα0,1 = r/ sin(αˆ0,1) from its endpoints 0 and
1, respectively. This contribution reads
(5.3)
∑
x∈Rδr
IH
δ
Cδ (x)−
∑
x∈Γδ0
IH
δ
Cδ (x)−
∑
x∈Γδ1
IH
δ
Cδ (x)−
∑
x∈Y δ0
IH
δ
Cδ (x)−
∑
x∈Y δ1
IH
δ
Cδ (x),
where
Rδr = {x ∈ Hδ : =mx ≤ r; 0 ≤ <ex < 1};
Y δ0 = {x ∈ Hδ : |x| < rα0 ; 0 < argx ≤ αˆ0}; Y δ1 = {x ∈ Hδ : |x− 1| < rα1 ; pi − αˆ1 ≤ arg(x− 1) < pi};
Γδ0 = {x ∈ Hδ : =mx < r; αˆ0 < argx ≤ pi/2}; Γδ1 = {x ∈ Hδ : =mx < r; pi/2 < arg(x− 1) ≤ pi − αˆ1},
see Figure 1; the boundary conditions in Hδ above are inherited from lδ. We first treat the
sum over Rδr, which we can split into N = δ0δ
−1 strips Rδr(k) := {=mx ≤ r, kN ≤ <ex < k+1N }
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that all give equal contributions. As in the cone case, we see that decreasing δ is tantamount
to adding new terms to the sum over Rδr(0), i. e.,∑
x∈Rδr(0)
IH
δ
Cδ (x) =
∑
x∈Rδ0rN (0)
IH
δ0
Cδ0 (x) = Bˆ − IHC (i) ·
∑
x∈Rδ0∞(0)\Rδ0rN (0)
δ20
(
(=mx)−2 +O((=mx)−2−ρ))
= Bˆ − IHC (i) ·
(
(rN)−1 +O(N−1−ρ)
)
where Bˆ =
∑
x∈Rδ0∞(0) I
Hδ0
Cδ0 (x) is a lattice-dependent constant, so that∑
x∈Rδr
IH
δ
Cδ (x) = Bˆ ·N − IHC (i)r−1 +O(δρ),
where we can compute, with the sign s = ±1 depending on the boundary conditions as sN = +1
and sD = −1,
IHC (i) :=
∫ ∞
0
(
PH (i, i, t)− PC (i, i, t)) dt
t
= s ·
∫ ∞
0
PC (i,−i, t) dt
t
= s ·
∫ ∞
0
1
2pit
e−
2
t
dt
t
= s · 1
4pi
,
The contributions of Y δ0,1 to (5.3) will cancel the corresponding contributions from corners, thus
we will leave them as they are for a while. The contribution of Γδ0,1 reads:∑
y∈Γδ0
IH
δ
Cδ (y) = s ·
∑
0≤=x≤rN ;
αˆ0<argx<pi/2
(=mx)−2δ20
(
IHC (i) +O(=mx−ρ)
)
= s · cot(αˆ0)
4pi
log δ + Dˆα0 + o(1),
and similarly ∑
y∈Γδ1
IH
δ
Cδ (y) = s ·
cot(αˆ1)
4pi
log δ + Dˆα1 + o(1).
5.3. Boundary corners. We parameterize a boundary corner Υα by a local coordinate z so
that Υα = {z ∈ C : 0 < argz < α}, and denote we denote by Y δleft (respectively, Y δright) the
set Y δ1 (respectively, Y
δ
0 ) corresponding to the boundary segment adjacent to Υ
α on the left
(respectively, on the right). We also denote Y δmiddle := {x ∈ Υα,δ : |x| ≤ rα} \
(
Y δleft ∪ Y δright
)
,
which is non-empty if and only if α > pi. The contribution of Υα to (5.1) can be written as
(5.4)
∑
x:|x|<rα
IΥ
α,δ
Cδ (x) =
∑
x∈Y δmiddle
IΥ
α,δ
Cδ (x) +
∑
x∈Y δright
IΥ
α,δ
Hδ (x) +
∑
x∈Y δleft
IΥ
α,δ
Hˆδ (x)
+
∑
x∈Y δright
IH
δ
Cδ (x) +
∑
x∈Y δleft
I Hˆ
δ
Cδ (x).
where Hˆδ stands for the upper-half plane Hδ rotated counterclockwise by α − pi around pi (so
that its boundary coincides with the left boundary of the corner), and the boundary condi-
tions Υα,δ,Hδ, Hˆδ are inherited from those in Ωδ. The first three terms yield, similarly to the
computations above,
−Cˆbbˆα · log δ + Dˆbbˆα + o(1),
where
(5.5) Cˆbbˆα =
∫ αˆ
0
IΥ
α
Hb (e
iθ) dθ +
∫ α
α−αˆ
IΥ
α
Hˆbˆ
(eiθ) dθ + 1α>pi
∫ α−pi/2
pi/2
IΥ
α
C (e
iθ) dθ,
Dˆbbˆα are constants and b, bˆ ∈ {D,N} are boundary conditions on H, Hˆ.
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Observe that when collecting the contributions to (5.1) along ∂Ωδ, the last two terms in (5.4)
cancel out the corresponding terms in (5.3). The total contribution of the r-neighborhood of
∂Ωδ to (5.1) is therefore
(5.6) BˆD ·N · |∂DΩ|+ BˆN ·N · |∂NΩ| − IHDC (i)r−1|∂DΩ| − IHNC (i)r−1|∂NΩ|
−
(∑
p∈Υ
Cp
)
· log δ +
∑
i∈Corners
Dˆbibi+1αi + o(1),
where Cp depends only on the angle and the boundary conditions b, bˆ ∈ {D,N} on the segments
adjacent to the p ' Υα
bbˆ
as
(5.7) CΥα
bbˆ
= Cˆbbˆα − (sb + sbˆ) ·
cot(min{α
2
; pi
2
})
4pi
.
Taking into account the discussion at the end of Section 3, we have
BD,N = −BˆD,N ∓ 1
2|T |
∑
x∈[0,1)
(∫ ∞
0
(PC
δ0 (x, x, t)− e−wxt)dt
t
− logwx
)
.
5.4. Punctures. Using a suitable modification of Lemma 5.1, similarly to the conical singu-
larity case, we have, in the local coordinate where p = 0,
(5.8)
∑
x∈Cδ:|x|≤r
I
Cδ\{0},ϕp
Cδ (x) = I
C\{0},ϕp
C (1) ·
∑
x∈Cδ0 :|x|≤rN
δ20
(|x|−2 +O(|x|−2−ρ))
= −2piIC\{0},ϕpC (1) log δ +Dϕp + o(1).
6. Explicit computations for the logarithmic term.
In this section, we compute the integrals involving heat kernels that contribute to the log-
arithmic term of the asymptotics. Although the results of this section can be extracted from
[1], we propose a quick derivation based on the following lemma concerning the heat kernel on
the universal cover of the punctured plane:
Lemma 6.1. We have, for the heat kernel P˜ := P C˜\{0},∫ ∞
0
P˜ (1, eiα, t) · dt
t
=
1
piα2
.
Proof. We use the Brownian loop measure of Lawler and Werner [25]. Consider the annular
region Ar,α = {r ≤ |z| ≤ 1}/{z ∼ eiαz} in the cone of angle α, A˜r,α its universal cover, and let
µAr,α denote the corresponding Brownian loop measure, with Dirichlet boundary conditions.
Let E denote the set of loops in Ar,α that wind around the annulus once counterclockwise. The
map φ : z 7→ −i log z maps Ar,α onto the cylinder Oα,r = Sr/{z ∼ z + α}, where Sr = {0 ≤
=m z ≤ − log r}, so, by conformal invariance of the loop measure,
(6.1)
∫
Ar,α
∫ ∞
0
P A˜r,α(z, zeiα, t)|dz|2dt
t
= µAr,α(E) =
= µOα,r(φ(E)) =
∫
{0≤<e z<α}∩Sr
∫ ∞
0
P Sr(z, z + α, t)|dz|2dt
t
.
It is not hard to see that the total mass of loops that wind once around Cα and intersect a
circle |z| = const is finite. Hence, up to O(1) as r →∞, the left-hand side of (6.1) equals∫
Ar,α
∫ ∞
0
P˜ (z, zeiα, t)
dt
t
=
∫
Ar,α
|z|−2
∫ ∞
0
P˜ (1, eiα, t)
dt
t
= −α log r
∫ ∞
0
P˜ (1, eiα, t)
dt
t
.
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We conclude by comparing this to the right-hand side of (6.1), which is, up to O(1),∫
{0≤<e z<α}∩Sr
∫ ∞
0
PC(z, z + α, t)
dt
t
= −α log r
∫ ∞
0
1
2pit
e−
α2
2t
dt
t
= − log r
piα
.

Since C˜ \ {0} also covers each of the cones Cα w C/{z ∼ eiαz}, we have
P C
α
(x, y, t) =
∑
k∈Z
P˜ (x, yeikα, t).
We now can compute, using that
∑∞
k=1 1/k
2 = pi
2
6
,
(6.2) IC
α
C (1) =
∫ ∞
0
(∑
k∈Z
P˜ (1, eαik, t)− P˜ (1, e2piik, t)
)
dt
t
=
∑
k∈Z\{0}
(
1
pi(αk)2
− 1
pi(2pik)2
)
=
pi
3α2
− 1
12pi
By reflection principle, we have PΥ
α
(x, y, t) = P C
2α
(x, y, t) ± P C2α (x, y¯, t) for Υα = ΥαN and
Υα = ΥαD respectively, and hence, using that
∑
k∈Z(x+ k)
−2 = pi2 sin−2 pix, we get
(6.3)
∫ α
2
0
IΥ
α
H (e
iθ)dθ =
∫ α
2
0
∑
k∈Z\{0}
(
1
pi(2αk)2
− 1
pi(2pik)2
± 1
pi(2θ + 2αk)2
∓ 1
pi(2θ + 2pik)2
)
dθ
=
pi
24α
− α
24pi
± pi
4α2
∫ α/2
0
(
sin−2
(pi
α
θ
)
− α
2
pi2θ2
)
dθ ∓ 1
4pi
∫ α/2
0
(
sin−2 θ − 1
θ2
)
dθ
=
pi
24α
− α
24pi
± 1
4pi
cot
α
2
.
Using that, by reflection principle applied to the line argz = α, we have
PΥ
α
ND (x, y, t) = PΥ
2α
D (x, y, t) + PΥ
2α
D
(
x, e2iαy¯, t
)
;(6.4)
PΥ
α
DN (x, y, t) = PΥ
2α
N (x, y, t)− PΥ2αN (x, e2iαy¯, t) ,(6.5)
a similar straightforward but tedious computation yields
(6.6)
∫ α
2
0
I
ΥαDN
HN (e
iθ)dθ = − pi
48α
− α
24pi
− 1
4α
+
1
4pi
cot
α
2
;
(6.7)
∫ α
2
0
I
ΥαND
HD (e
iθ)dθ = − pi
48α
− α
24pi
+
1
4α
− 1
4pi
cot
α
2
.
Now we are ready to collect the values of CΥα for α ≤ pi: CˆDDα and CˆNNα consist of two equal
terms given by (6.3), with the cotangent terms canceling out the corresponding terms in (5.7),
while CˆDNα is given by the sum of (6.6) and (6.7) above. If α > 2pi, then we need, in addition,
to compute the contribution of the third term in (5.5) which is done similarly, and change the
integration limits in (6.3), (6.6–6.7) to pi
2
; we leave it to the reader to check that the answer is
(unsurprisingly) given by the same analytic expression in α.
In the puncture case, we can compute
I
C\{0},ϕp
C (1) =
∫ ∞
0
( ∞∑
k∈Z
TrMkP˜ (1, e2piik, t)− d ·
∑
k∈Z
P˜ (1, e2piik, t)
)
dt
t
=
∞∑
k∈Z\{0}
(
TrMk − d) 1
pi(2pik)2
=
1
2pi
1
pi2
∞∑
k=1
(<eTrMk − d) 1
k2
.
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7. Proof of Theorem 1.1.
To identify the universal constant term in (1.1), we derive an analog of the key formula in the
continuum. This is slightly more delicate than in the discrete because the continuous heat kernel
is more singular at t = 0, in particular, there is no s for which the integral
∫∞
0
PC(x, x, t)ts−1dt
converges. Therefore, we perform the analytic continuation in two steps. Starting with (2.5),
we write
Γ(s)ζΩ,ϕ(s) =
∫ ∞
1
(
ΘΩ,ϕ(t)− k) ts−1 dt+ ∫
Ω
∫ 1
0
(
TrPΩ,ϕ(x, x, t)− d · PΩx(x, x, t)) ts−1 dtdx
(7.1)
+ d
∫
Ω
∫ 1
0
(
PΩx(x, x, t)− PC(x, x, t)) ts−1 dxdt+ d|Ω|∫ 1
0
1
2pit
ts−1dt−
∫ 1
0
kts−1 dt.
The first two terms converge for all s and rest converge when <e s > 1. The last two terms
evaluate to d|Ω|
2pi(s−1) − ks . Let’s have a closer look at the third term. To construct its analytic
continuation to s = 0, we first remark that it is, in fact, already analytic for <e s > 1
2
. Indeed,
for x ∈ H, let ρ := =mx; by Brownian scaling, PH(x, x, t) = ρ−2PH(i, i, t/ρ2) and thus
∫ 1
0
∣∣PH(x, x, t)− PC(x, x, t)∣∣ |ts−1| dt = (2pi)−1ρ2<e s−2 ∫ ρ−2
0
e−
2
t |ts−2| dt ≤

Cρ2<e s−2, <e s < 1;
C| log ρ|, <e s = 1,
C, <e s > 1.
Hence, the integral in the third term in (7.1) over x : Ωx w H converges absolutely for all s
with <e s > 1
2
. For Ωx a cone, the same scaling argument leads to the same bound with ρ the
distance to the tip, thus, the contribution of those x converges absolutely for <e s > 0. Finally,
near a corner, we break the integral down as in (5.4) and treat the first three terms as in the
cone case and the last two as in the half-plane case.
Now, for 1
2
< <e s < 1, we can write∫ 1
0
(
PΩx(x, x, t)− PC(x, x, t)) ts−1 dt = IΩxC (x, s)− ∫ ∞
1
PΩx(x, x, t)ts−1 dt− 1
2pi(s− 1) ,
where IΛ2Λ1 (x, s) :=
∫∞
0
(
PΛ2(x, x, t)− PΛ1(x, x, t)) ts−1 dt, cf. the notation in Section 5. The
last two terms give a contribution that is analytic over <e s < 1, hence our task is to analyti-
cally continue
∫
Ω
IΩxC (x, s). We split it into contributions of neighborhoods of cones, boundary
segments, corners and punctures, and leverage the fact that for the scaling on each of Ωx, one
has IΩxC (x, s) = a
2−2sIΩxC (ax, s). For Ωx w Cα w C/{z ∼ eiαz}, we thus get∫
x∈Cα:|x|<r
IC
α
C (x, s) = I
Cα
C (1, s) ·
∫
x∈Cα:|x|<r
|x|2s−2 = α · ICαC (1, s) ·
r2s
2s
,
This is analytic for <e s ≤ 1 when divided by Γ(s), which is the only thing we care about;
when we eventually evaluate the derivative at 0, we get some value that can be absorbed into
the constant DCα . For the contributions of boundary segments and boundary corners, we split
their neighborhoods as in Sections 5.2 and 5.3. The integral over Rr yields∫
=mx≤r,0≤<ex≤1
IHC (x, s) dx = I
H
C (i, s) ·
∫ r
0
ρ2s−2dρ = IHC (i, s) ·
r2s−1
2s− 1 .
For the other contributions, note that those of Y0,1 cancel out as in Sections (5.2–5.3), and other
contributions can be treated as in the cone case, eventually contributing a constant that can
be absorbed into DΥα ; same applies to punctures. Dividing (7.1) by Γ(s) and differentiating at
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s = 0, we get
(7.2)
− log det?ζ∆Ω,ϕ =
∫ ∞
1
(
ΘΩ
δ,ϕ(t)− k
) dt
t
+
∫
Ω
∫ 1
0
(
TrPΩ,ϕ(x, x, t)− d · PΩx(x, x, t)) dt
t
dx
− d
∫
Ω
∫ ∞
1
PΩx(x, x, t)
dt
t
dx− kγEuler − IHDC (i)r−1|∂DΩ| − IHNC (i)r−1|∂NΩ|+
∑
p∈C∪Υ∪P
D˜p.
We are in the position to put everything together and prove Theorem 1.1:
Proof of Theorem 1.1. We look at the key formula of Section 3 term by term. The first three
terms converge to the first three terms of (7.2) by Lemma 4.6 and Corollary 5.4. The fourth
term can be broken into the contributions of neighborhoods of conical singularities, punctures,
and the boundary, whose asymptotics is given by (5.2), (5.8), (5.6), and the constants Cp are
made explicit in Section 6. The fifth term gives the “volume” contribution that is discussed in
the end of Section 3. 
8. Proof of Lemmas
In order to prove Lemma 4.1, we first invoke the functional CLT in the plane:
Lemma 8.1. (Multidimensional KMT coupling.) It is possible to multiply the weights wxy by
a common factor so that for any η > 0, there exist C,  > 0 such that for any δ, T > 0 the
random walk γδδ−2t on C
δ can be coupled to the Brownian motion γt so that
(8.1) P
[
sup
t∈[0,T ]
|γδδ−2t − γt| > T
1
4
+ηδ
1
2
−2η
]
< C exp(−(Tδ−2))
Proof. For the random walk γδ0t on Cδ0 , we define a sequence of times t0 = 0,
tk+1 := min{t ≥ tk + 1 : γδ0t ∼= γδ00 },
where ∼= means equality modulo a shift of Cδ0 . Then tk and γδ0tk have i.i.d. increments with
exponentially small tails; because of the symmetries of the lattice, the increments of γδ0tk have
zero mean and a scalar covariance matrix Σ. Let τ = Et1. Put n = b2τ−1δ−2T c . Einmahl’s
version of KMT theorem ([12, Theorem 4], plug in H(t) := exp(
√
t), x := δ0n
1
4/3) provides a
coupling of γδ0tk and a Brownian motion γ˜t with covariance matrix Σ such that
P
[
sup
k≤n
|γδ0tk − γ˜k| >
δ0
3
n
1
4
]
< K1 · n · exp(−K2n 14 ).
with K1,2 depending only on Cδ0 . We put γt = γ˜t/τ . For t > 0 we set k(t) := max{k : tk < t},
then tk(t) < t ≤ tk(t)+1. We estimate
(8.2) |γδ0t − γt| ≤ |γδ0t − γδ0tk(t)|+ |γδ0tk(t) − γτk(t)|+ |γτk(t) − γt|.
By Chernoff bound, given η > 0, we have P(|tk − τk| > n 12+η) ≤ C exp(−cn2η) for each k ≤ n.
Therefore, P(∃k ≤ n : |tk − τk| ≥ n 12+η) ≤ Cn exp(−cn2η). In particular, P(∃t ≤ Tδ−2 : k(t) >
n) ≤ Cn exp(−cn2η). Also, P(∃k ≤ n : tk+1− tk ≥ n 12+η) ≤ C exp(−cnη). Together, this implies
that P(∃t ≤ Tδ−2 : |t − τk(t)| ≥ 2n 12+η) ≤ Cn exp(−cnη). For the Brownian motion γt, for
each fixed k ≤ n, we have P(∃t : |t − τk| ≤ 2n 12+η; |γt − γτk| ≥ δ03 n
1
4
+η) ≤ C · exp(−cnη).
Summing over k, we conclude that P(∃t ≤ δ−2T : |γt − γτk(t)| ≥ δ03 n
1
4
+η) ≤ C · n · exp(−cnη).
Also, because of exponential tails of tk − tk−1, we have P(∃t ≤ δ−2T : |γδ0t − γδ0tk(t) | ≥ δ03 n
1
4 ) ≤
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C · n · exp(−c(n1/4 + n2η)). Combining the estimates of the three terms in (8.2) together, we
see that
P
[
sup
t∈[0,T δ−2]
|γδ0t − γt| > δ0n
1
4
+η
]
≤ Cˆ exp(−n),
for any  < min(η; 1
4
). Scaling time by δ−2, the lattice by N , and the weights wxy so that
N−1 · γδ−2t ∼ δ−10 · γt is a standard Brownian motion, yields the result. 
Proof of Lemma 4.1. Let Ωˆ (respectively, Ωˆδ) be two copies of Ω glued along the boundary.
The random walk γˆδ[δ−2t] in Ωˆ
δ (respectively, the Brownian motion γˆt in Ωˆ) can be coupled
to a random walk γˇδ[δ−2t] in C
δ (respectively, to planar Brownian motion γˇt) by moving in
the same way locally; note that the BM in Ωˆ never visits conical singularities. By Lemma
8.1, γˇδ[δ−2t] can be coupled to γˇt in such a way that supt≤T |γˇδδ−2t − γˇt| → 0 as δ → 0 almost
surely. On the event of probability 1 that γˆ[0,T ] does not visit conical singularities, this implies
dist(γˆδδ−2t, γˆt) ≤ |γˇδδ−2t − γˇt| for all t ≤ T eventually. Reflecting the random walk and the
Brownian motion at the Neumann boundary does not increase distances. If τ (resp. τ δ) is the
first time γˆt (resp. γˆ
δ
δ−2t) hits ∂DΩ (resp. ∂DΩ
δ), then, almost surely, γˆt will have points on
both sides of the boundary in each interval (τ, τ + ε). On that event, almost surely, τ δ → τ
and hence γˆδ
δ−2τδ → γˆτ . Therefore, stopping at Dirichlet boundary also does not affect the
convergence, and supt≤T dist(γ
δ
[δ−2t]; γt)→ 0, almost surely. This completes the proof. 
Proof of Lemma 4.2. It suffices to prove the bound for the walk on Cδ (by passing first to Ωˆδ as
in the proof of Lemma 4.1 and then assuming by Markov propery that x is at distance at least
ε/10 from conical singularities). If t > δ
3
2 , we use Lemma 8.1 and bound P(diam γδ[0,tδ−2] > ε) ≤
P(diam γ[0,t] > ε3)+P(sups∈[0,t] |γδsδ−2−γs| > ε3). The first term converges to 0 super-polynomially
in t while the second one bounded from above by C · exp(−(tδ−2)) ≤ C · exp(−t− 3 ) provided
that t ≤ 1 and δ 12−2η < ε
3
.
If t ≤ δ 32 , then δ−2t ≤ t 13 δ−1. Pick cˆ > 0 in such a way that for all δ small enough, the
random walk on Cδ needs at least K := bcˆδ−1c steps to reach diameter ε. The probability
of this is bounded by P(X ≥ K), where X is a Poisson random variable with mean MK,
and M = t
1
3 δ−1 maxx∈Cδ0{
∑
y∼xwxy}/K ≤ c′t
1
3 , with c′ a constant depending on Cδ0 and ε. If
M < 1
2
, then, for any α > 0, we have by Stirling bound
P(X ≥ K) ≤
∞∑
n=K
(MK)n
n!
e−MK ≤ 2(MK)
K
K!
e−MK ≤ 2MαKeK(1−M+(1−α) logM).
Since 1−M + logM < 0 for M < 1, we can pick α > 0 such that the exponential is bounded
by 1 for all M < 1
2
, i. e., P(X ≥ K) ≤ 2(c′t 13 )αbcˆδ−1c. For δ small enough, the exponent is at
least 20, and so we have P(diam γδ[0,tδ−2] > ε) ≤ P(X ≥ K) ≤ 2t
20
6 provided that t < (c′)−6. 
For x ∈ Ωδ and r > 10N−1 > 0, denote Q(x, r) := [0; r2] × B(x, r). The parabolic Harnack
inequality (PHI) asserts that there exists a constant CH such that, for any δ, any x, r such that
B(x, r) ∩ ∂DΩδ = ∅, and any u positive and satisfying
(8.3) ∂tu = δ
2 ·∆Ωδu
in Q(x, r), one has
(8.4) inf
Q+(x,r)
u ≥ CH sup
Q−(x,r)
u,
where Q−(x, r) = [14r
2; 1
2
r2] × B(x, r
2
) and Q+(x, r) = [
3
4
r2; r2] × B(x, r
2
). In our setting, PHI
follows from [7, Theorem 1.7]: the volume doubling and the uniform ellipticity conditions are
obvious, and the Poincare inequality can be proven by adapting the standard argument, as
e. g. in [13, Section 10.2]. (Delmotte uses normalized Laplcian in which the random walk
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jumps at rate one; however since he allows for jumps from a vertex to itself, the two setups
are equivalent.) A typical example of a function u that PHI it is applied to is PΩ
δ
(x0, x, δ
−2t).
Note that we rescale the graph distance but don’t rescale time, hence the additional factor of
δ2 in (8.3).
It is standard that PHI implies Holder regularity of solutions to (8.3), namely, there exist
θ > 0 and CHo¨l > 0 such that any δ > 0 and for Q(x, r) as above, one has
(8.5) |u(r2, x)− u(r2, y)| ≤ CHo¨l ·
( |x− y|
r
)θ
· oscQ(x,r)u, y ∈ B(x, r).
To wit, note that if uˆ is u normalized so that infQ(x,r) uˆ = 0 and supQ(x,r) uˆ = 1, and
supQ−(x,r) uˆ ≥ 12 , then
oscQ+(x,r)uˆ = sup
Q+(x,r)
uˆ− inf
Q+(x,r)
uˆ ≤ 1− CH
2
.
If supQ−(x,r) uˆ ≤ 12 , then passing to 1 − uˆ leads to the same conclusion. Hence, oscQ+(x,r)u ≤
c · oscQ(x,r)u, with c = 1− CH2 < 1. Applying the same reasoning to Q+(x, r) and iterating, we
conclude that if |y − x| < r
2k
, then |u(r2, x)− u(r2, y)| < ckoscQ(x,r)u, yielding (8.5).
Proof of Lemma 4.3. Since turning Dirichlet boundary into Neumann one only increases PΩ
δ
,
by passing to Ωˆδ as in the proof of Lemma 4.1, we may assume that ∂Ωδ = ∅. Let M =
M δε,η := supt≥ε,dist(x,y)≥η P
Ωδ(x, y, δ−2t), and fix t0 ≥ ε and x0, y0 with dist(x0, y0) ≥ η such
that PΩ
δ
(x0, y0, δ
−2t0) > M2 . Applying PHI to P
Ωδ(x, ·, ·) and to Q(y0,
√
ε) shifted in time by
t0− ε4 , we find that PΩ
δ
(x0, y, δ
−2t) ≥ CH M2 if dist(y, y0) ≤
√
ε/2 and t ∈ [t0 + ε2 , t0 + 3ε4 ]. Since∑
y P
Ωδ(x0, y, δ
−2t) = 1, this implies, for η = 0,
CH
M δε,0
2
·#{y : |y − y0| <
√
ε
2
} ≤ 1,
that is, M δε,0 ≤ C(ε)δ2. If η 6= 0 is fixed and ε < 4η2, then dist(y, y0) <
√
ε
2
implies dist(y, x0) ≥
η/2. By Lemma 4.2, we have
∑
y:dist(x0,y)>η/2
PΩ
δ
(x0, y, δ
−2t) ≤ C(η)t3, thus
CH
M δε,η
2
·#{y : |y − y0| <
√
ε
2
} ≤ C(η)t3,
i. e., M δε,η ≤ C ′(η) δ
2
ε
t3. Note that if M δε,η > M
δ
2ε,η, then we could take t0 ≤ 2ε and thus t ≤ 114 ε,
in which case the last inequality becomes M δε,η ≤ C ′′(η)δ2ε2. Hence, M δ0,η = M δε0(η),η ≤ M δε0(η),0
for some ε0(η) > 0. 
Proof of Lemma 4.4. Since ||PΩδ,ϕ(x, y, τ)|| ≤ PΩδ(x, y, τ), we have, by Lemma 4.3,
oscQ(P
Ωδ,ϕ(x, ·, ·)) ≤ Cδ2,
where Q := [t − η2
4
, t] × B(x, η
2
). Since the matrix components of PΩ,ϕ(x, ·, δ−2t) satisfy (8.3),
the result now follows directly from (8.5). 
Proof of Lemma 4.5. The proof proceeds case by case.
Case 1. Suppose that ∂DΩ 6= ∅, thus k = 0. Since ||PΩδ,ϕ(x, y, t)|| ≤ |PΩδ(x, y, t)|, it suffices
to prove the result for the trivial line bundle. The probability that by time 1, the Brownian
motion γt started at x has hit the Dirichlet boundary is a positive continuous function on
Ω, hence it is bounded from below, say by 2η. Hence, for δ small enough, the probability
that the random walk γδδ−2t hits the Dirichlet boundary before t = 1 is bounded below by η,
18
Determinants of discrete Laplacians on triangulations and quadrangulations
independently of the starting point. By Markov property, this implies that the probability that
it does not hit ∂DΩδ by time t is bounded above by (1− η)btc, i. e.,∑
y∈Ωδ
PΩ
δ
(x, y, δ−2t) ≤ (1− η)btc.
Using PHI as in the proof of Lemma 4.3, we see that this implies PΩ
δ
(x, y, δ−2t) < Cδ2(1−η)btc
for any x, y. Summing this bound over x = y ∈ Ωδ yields the desired result.
Case 2. Suppose that Ω has no Dirichlet boundary and ϕ is the trivial line bundle, thus
k = 1. We claim that the heat kernel PΩ
δ
(x, y, δ−2t) at time t = 1 is uniformly contracting in
the total variation distance, i. e., there exists η > 0 such that for any x1, x2, and any δ small
enough, one has
(8.6)
1
2
∑
y
∣∣∣PΩδ(x1, y, δ−2)− PΩδ(x2, y, δ−2)∣∣∣ ≤ 1− η.
Indeed, for any test function ψ > 0, by compactness, we have for the continuous heat kernel,
inf
x
∫
Ω
PΩ
(
x, y,
1
2
)
ψ(y)dy =: 2cψ > 0.
since the expression under infimum is positive and continuous in x. Hence,
inf
x
∑
y∈Ωδ
PΩ
δ (
x, y, δ−2/2
)
ψ(y) > cψ.
for δ small enough. If suppψ ⊂ B(y0, r), say with with r = 1, this implies that
inf
x
sup
y∈B(y0,r)
PΩ
δ
(x, y, δ−2/2) ≥ c′ψδ2,
and hence, by PHI, infx infy∈B(y0,r) P
Ωδ(x, y, δ−2) ≥ CHc′ψδ2. This gives the desired improve-
ment on the trivial bound of 1 on the LHS of (8.6). Now, iterating (8.6), we see that
1
2
∑
y
∣∣∣PΩδ(x1, y, δ−2t)− PΩδ(x2, y, δ−2t)∣∣∣ ≤ (1− η)btc, hence
∑
x
PΩ
δ
(x, x, δ−2t)− k =
∑
x
PΩ
δ
(x, x, δ−2t)− 1|Ωδ|
(∑
x,y
PΩ
δ
(y, x, δ−2t)
)
=
1
|Ωδ|
∑
x,y
(
PΩ
δ
(x, x, δ−2t)− PΩδ(y, x, δ−2t)
)
≤ 2 · (1− η)btc
for all δ small enough, independently of t, as required.
Case 3. Suppose that Ω has no Dirichlet boundary and k = 0. Pick any x0 ∈ Ωδ, and
(non-contractible) loops β(1), . . . β(n) rooted at x0 such that {ϕ(γj)}nj=0 do not have a common
eigenvector of eigenvalue 1; if such loops did not exist, then the translations of the common
eigenvector would form a covariant constant. Pick a a small r such that B(x0, r) is contractible,
and, for x, y ∈ B(x0, r), denote, for i = 0, 1, . . . , n, PΩδ(i) (x, y, t) := Px([γδ[0,t]] = [β(i)], γδt = y),
where β(0) is a contractible loop, and we identify the points of B(x0, r) in order to compute
the homotopy type of a non-closed path. There exists a constant c > 0 such that cδ2 ≤
PΩ
δ
(i) (x, y, δ
−2) ≤ c−1δ2 for each i and each x, y ∈ B(x0, r) and all δ small enough; the upper
bound follows from Lemma 4.3 and the lower one is done exactly as in Case 2. We can write
(8.7) ‖PΩδ,ϕ(x, y, δ−2t)‖ =
∥∥∥Exϕ(γδ[0,δ−2t])IIγδt=y∥∥∥
≤
∥∥∥∥∥
n∑
i=0
ϕ(β(i)) · PΩδ(i) (x, y, δ−2)
∥∥∥∥∥+ Px(∀i, [γδ[0,t]] 6= [β(i)], γδt = y)
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where in the last term, we used that ||ϕ(γδ[0,δ−2t])|| ≤ 1 as ϕ is unitary. We claim that
(8.8) sup
c≤pi≤c−1,‖v‖=1
∥∥∑n
i=0 piϕ(β(i))v
∥∥
(
∑n
i=0 pi)
=: 1− η < 1.
Indeed, the fraction is strictly smaller than 1 unless all ϕ(β(i))v are non-negative multiples of
each other, but since ϕ(β0) = Id, this would mean that v is a common eigenvector of eigenvalue
1. Applying (8.8) to (8.7), we get, for any x ∈ B(x0, r) and all δ small enough,∑
y∈Ωδ
∥∥∥PΩδ,ϕ(x, y, δ−2)∥∥∥ ≤ (1− η)P(E) + P (Ec) ≤ 1− η′
where E = {γδδ−2 ∈ B(x0, r) and ∃i : [γδ[0,δ−2]] = [β(i)]}, and we have used that P(E) ≥∑
y∈B(x0,r) P
Ωδ
(0) (x, y, δ
−2) is uniformly bounded from below. Since the bounds obtained, in fact,
did not depend on x0, the proof is now completed as in Case 1.
Case 4. Suppose that Ω has no Dirichlet boundary. Let ϕ0 be the trivial sub-bundle of the
maximal dimension of ϕ, which is a direct sum of trivial line bundles. Since ϕ is unitary, we
have ϕ = ϕ0 ⊕ ϕ⊥0 for ϕ⊥0 the (point-wise) orthogonal complement to ϕ0; moreover, ϕ⊥0 has no
trivial line sub-bundles. Applying Case 2 to ϕ0 and Case 3 to ϕ1 concludes the proof. 
Proof of Lemma 5.1. It suffices to consider the case when Λ is a cone (or, in particular, a
plane). Indeed, PHδ(x, y, t) = PCδ(x, y, t) ± PCδ(x, y¯, t), with y¯ denoting the reflection with
respect to the boundary and the sign being + for Neumann boundary condition and − for
Dirichlet one. Similarly, for a corner Υα with Dirichlet or Neumann boundary conditions, one
has PΥα,δ(x, y, t) = PC2α,δ(x, y, t)±PC2α,δ(x, y¯, t), where the cone C2α,δ is obtained by gluing two
copies of Υα,δ along the boundary. Finally, PΥ
α,δ
DN (x, y, t) = PΥ
2α,δ
D (x, y, t) +PΥ
2α,δ
D (x, y¯, t), where
Υ2α,δD is obtained by gluing two copies of Υ
α,δ
DN along the Neumann boundary.
The proof below is for the case when there is no vertex at the tip of the cone; we explain
the necessary modifications for that case in Remark 8.2. We begin by comparing the prob-
abilities P(γδδ−2t ∈ B(y, ε)) and P(γt ∈ B(y, ε)) (hereinafter P = Px) for a mesoscopic scale
δ  ε(δ)  1 to be specified later and t ≤ T := δ− 110 ; the goal is to show that they agree
up to O(max{t−1, 1}ε2δρ) for some ρ > 0. We couple γδδ−2t and γt to the planar random walk
and the Brownian motion γˆδ[δ−2t], γˆt by the same local moves, and assume that γˆ
δ
δ−2t, γˆt are
coupled as in Lemma 8.1, say, with η = 1
10
. Pick a positive ν < 1
2
− 2η − 1
10
(1
4
+ η), so that
T
1
4
+ηδ
1
2
−η  δν . We put D = {supt∈[0,T ] |γˆδδ−2t − γˆt| > δν}, T = {inft∈(0,T )(dist(γt, 0)) < 2δν},
where 0 is the tip of the cone, and B := {ε(δ) − δν ≤ dist(γt; y) ≤ ε(δ) + δν}. On the event
Dc∩T c, we have supt∈(0,T ) |γδδ−2t−γt| ≤ δν , therefore, on Dc∩T c∩Bc, either γδδ−2t, γt ∈ B(y, ε)
or γδδ−2t, γt /∈ B(y, ε) simultaneously. This implies
(8.9)
∣∣P(γδδ−2t ∈ B(y, ε))− P(γt ∈ B(y, ε))∣∣ ≤ P(D) + P(B)
+
∣∣P(γδδ−2t ∈ B(y, ε),Dc, T )− P(γt ∈ B(y, ε),Dc, T )∣∣ .
We have P(D) ≤ C ·δ10 and P(B) ≤ Cεδν ·t−1 provided that ε δν , thus it remains to estimate
the last term. Let σ denote the rotation of the cone around its tip by pi/3 (we assume here Ω
is triangulated, the other case is completely similar), and let σˆ be the rotation, by the same
angle, of the plane obtained as a quotient the universal cover of the cone punctured at its tip;
thus σˆ6 = Id and σ
3α
pi = Id. We have γδδ−2t ∈ ∪kσk (B(y, ε)) if and only if γˆδδ−2t ∈ ∪kσˆk (B(y, ε)) ,
and thus, as above,
(8.10)
∣∣P(γδδ−2t ∈ ∪kσk(B(y, ε),Dc, T )− P(γt ∈ ∪kσk(B(y, ε)),Dc, T )∣∣
≤ ∣∣P(γˆδδ−2t ∈ ∪kσˆk(B(y, ε),Dc, T )− P(γˆt ∈ ∪kσˆk(B(y, ε)),Dc, T )∣∣
≤ P(B ∩ T )≤Cεδνt−1
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Now let τ := min{t : dist(γt, 0)) < 2·δν}. On T , to estimate the difference between probabilities
to arrive to B(y, ε) and to σ(B(y, ε)), we use strong Markov property with respect to τ. We
have∣∣∣Pγδδ−2τ [γδδ−2(t−τ) ∈ B(y, ε)]− Pγδδ−2τ [γδδ−2(t−τ) ∈ σ(B(y, ε))]∣∣∣
=
∣∣∣Pγδδ−2τ [γδδ−2(t−τ) ∈ B(y, ε)]− Pσ−1(γδδ−2τ ) [γδδ−2(t−τ) ∈ B(y, ε)]∣∣∣
≤ sup
x,z∈B(0,3δν), t≤T
∣∣Px(γδδ−2t ∈ B(y, ε))− Pz(γδδ−2t ∈ B(y, ε))∣∣ .
We estimate the expression in the supremum separately for t > 10δν > (3δν)2 and for t < 10δν .
In the first case, we use Ho¨lder continuity (8.5) with r = 3δ
ν
2 , time shifted by t − r2 > 0, and
bounding the oscillation by 1; this gives the bound of ≤ C · δθ ν2 . In the second case, we use
Lemma 4.2 to get the bound of ≤ Cδ3ν  δθ ν2 . We infer that∣∣∣ pi
3α
P(γδδ−2T ∈ ∪kσk(B(y, ε)),Dc, T )− P(γδδ−2T ∈ B(y, ε(δ)),Dc, T )
∣∣∣ ≤ C · δ θν2 .
A similar estimate holds for the continuous heat kernel. Therefore, we finally get
(8.11)
∣∣P(γδδ−2T ∈ B(y, ε))− P(γT ∈ B(y, ε))∣∣
≤ Cδ10 + C · δ θν2 + C · εδν · t−1 ≤ Cε2δρ ·max{t−1, 1}.
with ρ > 0 if we choose ε(δ) := δµ with µ small enough.
Now, for κ > 0, as in the proof of Lemma 4.3, we can bound
sup
t≥ δ2κ
2
,z∈B(y,ε)
P(γδδ−2t = z) ≤ Cδ2−2κ.
Using this to bound the oscillation in the Ho¨lder bound (8.5), we get, for t ≥ δ2κ,∣∣∣∣ 1|B(y, ε)|P(γδδ−2t ∈ B(y, ε))− P(γδδ−2t = y)
∣∣∣∣ ≤ ( εδκ)θ · δ2−2κ = δµθ+2−(2+θ)κ =: δ2+q,
provided that κ is small enough (in which case also ε δν so that the Ho¨lder bound applies).
A similar estimate holds for the continuous heat kernel. Combining this with (8.11) gives the
claim. 
Remark 8.2. If there is a vertex at the tip of the cone, then the coupling of γδδ−2t and γˆ
δ
δ−2t
fails after the moment the former hits the tip, in particular, the distributions of the first time
they leave the tip will be different. However, forcing γˆδδ−2t to leave the tip simultaneously with
γδδ−2t yields a coulping of γ
δ
δ−2t to γˆ
δ
δ−2t+τ such that still γ
δ
δ−2t ∈ ∪kσk (B(y, ε)) if and only if
γˆδδ−2t+τ ∈ ∪kσˆk (B(y, ε)) . Here τ a random variable given by a sum of N i. i. d. contributions,
where N is the number of visits to the tip. The expectation of N , and hence that of τ , is
O(log(δ−2t)), and therefore it will introduce a negligible error into the above computations.
Proof of Lemma 5.2. As explained in in the proof of Lemma 5.1, it suffices to consider the case
of a cone. Moreover, since, in the notation of that proof, γδδ−2t ∈ ∪k{σk(y)} if and only if
γˆδδ−2t ∈ ∪k{σˆk(y)}, it is in fact sufficient to consider the case of a plane, where it is immediate
from the local Central limit theorem.
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